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Abstract 
A graph has a unilateral orientation if its edges can be oriented such that for every two 
vertices u and v there exists either a path from u to v or a path from v to u. If G is a graph 
with a unilateral orientation, then the forced unilateral orientation number of G is defined to 
be the minimum cardinality of a subset of the set of edges for which t ere is an assignment of 
directions that has a unique extension to a unilateral orientation of G. This paper gives a general 
lower bound for the forced unilateral orientation umber and shows that the unilateral orientation 
number of a graph of size m, order n, and having edge connectivity 1 is equal to m - n + 2. A 
few other related problems are discussed. (~) 1998 Elsevier Science B.V. All rights reserved 
1. Introduction 
A digraph is said to be strong i f  there exists a directed u-v path for every two 
vertices u and v of the digraph. Similarly, a digraph is unilateral i f  there is either 
a directed u-v path or a directed v-u path between every two vertices u and v. 
A graph G admits a unilateral (resp. strong) orientation i f  its edges can be oriented 
such that the resulting digraph is unilateral (resp. strong). 
Chartrand et al. [2] introduce the notions of  forced unilateral and forced strong 
orientation umbers of a graph. 
Definition. The forced unilateral orientation umber of a graph G, denoted by f ' (G) ,  
is the minimum cardinality of a subset S of E(G) for which there is an assignment 
of directions to the edges of  S that has a unique extension to a unilateral orientation 
of  G. 
The forced strong orientation umber is defined similarly by replacing unilateral 
with strong in the definition above. In [2] it is shown that the forced strong orientation 
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number is m-n+ 1 for any graph that admits a strong orientation and has n vertices and 
m edges. In this paper it is shown that for all graphs that have a unilateral orientation, 
but not a strong orientation, the unilateral orientation umber is m - n + 2. However, 
no precise way of calculating f ' (G)  in general is known. 
Throughout this paper, G will denote a connected finite graph; m and n will represent 
its number of edges and vertices, respectively. An edge betweerl two vertices u and v 
of a graph will be denoted by uv, while (u, v) will stand for a directed edge from u 
to v in a given digraph. 
2. A lower bound for f ' (G) 
In this section we will establish a lower bound for the unilateral orientation umber 
of a graph. A few preliminary observations are needed. 
Lemma 1. I f  G is a graph and S a set of edges of G with a direction assigned to 
each edge of S such that the orientation of S induces a unique unilateral orientation 
on G, then (E (G) -  S) has no cycles. 
Proof. Assume there exists a cycle C in G which does not contain any edge of S. 
Note that if a digraph D is unilateral and the underlying graph has a cycle, then 
by changing the orientation of the edges of the cycle such that the cycle is oriented 
either clockwise or counterclockwise the resulting digraph is still unilateral. Therefore, 
by orienting C either clockwise or counterclockwise and preserving the orientation 
induced by S for all the other edges of G, we obtain two valid unilateral orientations 
of the given graph. This contradicts the uniqueness of the unilateral orientation i duced 
by S on G; therefore (E(G) -S )  has no cycles. [] 
Lemma 2. Let G be a graph and S a set of edges with a direction assigned to each 
edge such that the orientation of S induces a unique unilateral orientation on G. I f  
G has a cycle C such that IS fq C I = 1, then the orientation induced by S on C is 
strong. 
Proof. Assume C is not strongly oriented. Let S N C = {e}. By orienting all the edges 
of C in the direction of e we obtain a different unilateral orientation of G, contradicting 
the uniqueness of the induced orientation. [] 
Lemma 3. For any graph G, f'(G)>~m - n + 1. 
Proof. Let S be a subset of E(G) having minimum cardinality such that there exists an 
orientation of S that induces a unique unilateral orientation on G. So f ' (G)= IS I. By 
Lemma 1, (E(G) -S)  is acyclic. Let nl denote the order of the subgraph induced by the 
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edges of E(G) -  S. It follows immediately that IE (G) -  S I ~<nj - 1 since (E (G) -  S) 
is acyclic and any acyclic graph on k vertices has at most k -  1 edges. Therefore, 
f ' (G)=lS[>~m-n+ l. [] 
Lemma 4. Let G be a graph and S a subset of E(G) with an orientation that in- 
duces a unique unilateral orientation on G. I f  the induced orientation is strong, then 
I s l>~m-n+ 3. 
Proof. Recall first that a graph has a strong (resp. unilateral) orientation if and only 
if it has a closed spanning walk (resp. spanning walk, not necessarily closed) [1]. Let 
D be the strongly oriented digraph obtained by orienting the edges of G as dictated 
by S. By our initial remark, D has a spanning walk and therefore has a minimum 
length spanning walk W. Let W be u, vt,... ,Vk-l, v. It follows that u and v occur only 
once in W; otherwise a smaller spanning walk would result from W by eliminating 
one of the endpoints. Therefore, by changing the orientation of any edge incident with 
u except for possibly (u, vi ), the resulting digraph will still have a spanning walk and 
will still have a unilateral orientation. Since the orientation induced on G is unique, 
all the edges incident with u except for possibly (u, vj ) must belong to S. Consider 
the shortest path P from v to u (since D is strongly oriented such a path exists). 
Note that the edge (u, vl) cannot be part of this path. Then the walk obtained by 
adjoining P to the walk Vl,... ,vk-l,V is a spanning walk which does not contain 
the edge (u, vl ). It follows that (u, vl ) must also belong to S, or else the orienta- 
tion induced on G would not be unique since we could reverse (U, Vl ) and still be 
left with a unilateral orientation. Therefore, all the edges incident with u must belong 
to S. A similar argument shows that all the edges having v as one endpoint must 
belong to S. Therefore, (E (G) -  S) is an acyclic graph having at most n -  2 ver- 
tices. It follows immediately that ]E (G) -  S[ =m-  [S[~<(n- 2 ) -  l=n-  3. Thus, 
[S[>~m-n+3.  [] 
Before proving the lower bound on f ' (G) ,  recall the following definitions: a strong 
component of a digraph is a maximal set of vertices that is strongly connected [1]. The 
condensation D* of a digraph D is obtained by representing each strong component 
of D by a vertex, and connecting two vertices in D* through an edge (u, v) only if 
there exists at least one edge in E(D) from a vertex in the first strong component to a 
vertex in the second strong component [1, p. 372]. Finally, the converse of a digraph 
D is the digraph obtained by reversing the direction of all the edges [1]. 
Theorem 1. I f  G & a connected graph that admits a unilateral orientation, then 
f (G)>~m-  n +2. 
Proof. It is enough to show that there is no set S containing m - n + 1 edges which 
forces a unique unilateral orientation on G. Assume, to the contrary, that such a set 
S exists. Then ]E (G) -  S[ =n-  1 and the graph induced by these edges is acyclic 
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by Lemma 1. Hence, (E (G) -  S} is a spanning-tree T (any other acyclic graph on at 
most n vertices would have size less than n - 1 ). Let D be the digraph resulting from 
orienting G as dictated by S. For each directed edge (u, v) of S, there exists a path in 
T connecting u and v. This path in T must be oriented from v to u by Lemma 2. It 
follows that u and v are in the same strong component of D. 
Let D* be the condensation of D. It is known [1, p. 372] that the condensation D* 
of a digraph D is unilateral (resp. strong) if and only if D is unilateral (resp. strong). 
It follows that D* is unilaterally oriented (since D is). Notice that all the edges of 
D* correspond to edges between two strong components of D. Since all the edges of 
S connect vertices in the same strong component, it follows that all the edges of D* 
correspond to edges in T. 
Consider now the converse of D*. It is immediate that the converse of a digraph 
has a unilateral orientation if and only if the original digraph has one as well; thus, 
the converse of D* has a unilateral orientation. Then the digraph obtained from D by 
reversing all the edges connecting vertices in two different strong components has a 
unilateral orientation since its condensation has one. As none of the edges between 
two strong components belong to S, they are not fixed, and thus could be reversed. 
Therefore, the induced orientation on G is unique only if D* has just one vertex, or 
equivalently if D is strong. However this is impossible by Lemma 4, as ]S[ = m-  n 4-1. 
This contradiction shows that f ' (G)>~rn- n + 2. [] 
3. Graphs of edge-connectivity 1 
The following section describes a class of graphs for which the lower bound deter- 
mined in the previous ection is actually attained. Recall that an edge-block of G is a 
maximal 2-edge-connected subgraph of G. 
Lemma 5. I f  a 9raph G consists of an edge-block with a pendant ed9 e, then f ' (G)= 
m-n+2.  
Proof. First, we show that there is a set S of edges of size m-  n + 2 such that 
some orientation assigned to those edges extends uniquely to the entire graph. Let 
uv be the pendant edge, and assume u belongs to the edge-block. Let T be the tree 
obtained by the Depth First Search (DFS) algorithm [3], with the vertex u as root. 
By the properties of the DFS tree, for each edge e of G which does not belong to 
T, the distances in T from the endpoints of the edge e to the root of the DFS tree 
are not equal. Let dr(a,b) denote the distance in T between two vertices a and b of 
G. Orient each edge ab in E(G - v) - E(T) from a to b if dT(a,u)>dT(b,u), and 
from b to a if dr(b, u)>dr(a, u). Also, orient the edge uv from v to u. Informally, 
the pendant edge is oriented towards the edge-block, and all the other edges except 
for the edges of the tree are oriented towards the root. So far m -n  + 2 edges have 
been oriented; it remains to show that they force a unique unilateral orientation. The 
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only way for paths between v and the vertices of the edge-block to exist is if there 
are paths from the root of the tree, u, to all the vertices of T. This can only happen 
if all the edges of the tree are oriented from the root towards the leaves. The result- 
ing orientation is strong when restricted to the edge-block and unilateral on the entire 
graph. 
It follows that f (G)<~m - n + 2, which together with Theorem 1 implies H(G)= 
m-n+2.  [] 
Note that the proof of Lemma 5 works similarly if all the edges of S are oriented 
out of the root u and towards the l aves instead of being oriented into the root as done 
in the proof. With this observation, the construction described above generalizes to any 
graph of edge-connectivity 1 (any graph which has at least one bridge), as shown in 
the following theorem. 
Theorem 2. I f  G is a graph of  edge-connectivity 1 which admits a unilateral orienta- 
tion, then fP(G) = m - n + 2. 
Proof. As in the proof of Lemma 5, we show that there is a set S of m - n + 2 edges 
and some orientation assigned to them which extends uniquely to the entire graph. 
Chartrand et al. [2] show that a graph admits a unilateral orientation if and only if all 
its bridges lie on a path. Let bt, b2 .. . . .  bk be the bridges of G. Then, given the above 
observation, we can assume without loss of generality, that the graph G consists of 
k + 1 edge-blocks B1,...,Bk+I, where Bi and Bi+l are connected through the bridge 
bi (note that some of the blocks might consist of just one vertex). Orient bl towards 
Bz. This forces all bridges bi to be oriented towards Bi+l; otherwise the orientation 
would not be unilateral. For each block Bi, consider the graph Bi q- bi (or Bk+l + bk 
if i = k + 1), and repeat he construction of Lemma 5 . Therefore, if mi and ni denote 
the size and order of the edge block Bi, then the size of the set of edges which are 
assigned initial orientations in Bi  is m i - -  ni -k- 1 (this is also true in the case when 
the block consists of just one vertex). Note that any path from the endpoint of bi that 
does not belong to B/+I to any other point in Bi+l passes only through vertices in 
Bi+l. Because of this, the same reasoning used in Lemma 5 works to show that the 
assignment of orientations above induces a unique unilateral orientation on G that is 
strong when restricted to any single block. 
For the entire graph then, the size of the set of edges initially oriented is 
IS[ = 1 + (ml - nl + 1) + (m2 - n2 + | )  q- '-. q- (mk+l -- nk+l + 1) 
/k+l "~ (k~l )  
=~i~=lmi)  +k-  \ i=l ni +2=m--n+2.  
Thus, f'(G)<<,m - n + 2. 
The equality f ' (G)  = m - n + 2 follows immediately from Theorem 1. [] 
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4. Minimum order of a graph with a given unilateral orientation number 
Chartrand et al. [2] show that for each positive integer k there is a graph having 
f ' (G)  = k, and they pose the problem of finding the smallest order of a graph having 
unilateral orientation umber k. Let mink denote the minimum order of a graph with 
f (G)=k.  In this section, we give an upper and lower bound for mink. 
Lemma 6. For any k >~ 1, 
mink/> 
2 
Proof. Let G be a graph of order n and size m such that f (G)=k.  Then it is clear 
that 
By solving for n in the case when f ' (G)= k, one gets 
l+v +l 
2 
which proves the claim. [] 
The following lemma provides an upper bound for mink. 
Lemma 7. For any k>~2 there exists a 9raph G of order 1 + [(3 + 8kv/8k-L~- 7)/2] 
havin9 f ' (G)  = k. 
Proof. Such a graph can be constructed explicitly. Let p be the least positive integer 
satisfying the inequality 
Thus, since p is an integer, 
F3+? 71 
Consider a graph G with p + 1 vertices consisting of a complete graph on p vertices 
with a pendant edge. Remove enough edges from the complete subgraph of G - -  
leaving it connected and bridgeless - -  until m edges remain, where m satisfies the 
equality m - p + 2--k. The choice of p guarantees that we start off with enough 
edges, and it is possible to remove some of them until the above equality is reached. 
It is possible to remove the edges while l aving the subgraph connected and bridgeless 
by fixing a Hamiltonian cycle in Kp and removing only edges which do not belong 
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to this cycle. There is no need to remove more edges than that, since a cycle with a 
pendant edge satisfies m - p + 2 -- 2, and k/> 2. The remaining graph G' consists of an 
edge-block with a pendant edge. By Lemma 5, f ' (G ' )= m - p + 2 = k, which proves 
the claim. [] 
Theorem 3. The minimum order mink of a graph having forced unilateral orientation 
number equal to k for k >>, 1 satisfies 
1 + ~< mink ~< 2 + 2 " 
Moreover, the lower bound can be attained for infinitely many values of k, and the 
upper bound is attained for k = 2. 
Proof. The inequalities above follow immediately from Lemmas 6 and 7. 
Note first that for n ~> 2 the difference between the upper bound and the lower bound 
is at most 2, so there are at most three choices remaining for mink. The lower bound 
is attained for any value of k which is of the form (2 p) since the complete graph on p 
vertices has forced unilateral orientation umber equal to the number of its edges. That 
the upper bound is reached for k -- 2 follows from the classification of the graphs with 
forced unilateral orientation number 2, which was done by Chartrand et al. [2]. The 
only such graphs are unicyclic graphs with pendant edges, and the smallest possible 
number of vertices for a unicyclic graph which is not a cycle is 4 - -  take the cycle 
C3 with a pendant edge. Therefore, min2 = 4, which corresponds to the upper bound 
of the inequality. [] 
5. Graphs with unilateral orientation number 3 
Chartrand et al. [2] classified the graphs with unilateral orientation umbers 1 and 2. 
They found that the only graphs with forced unilateral orientation umber equal to 1 
are paths Pn, where n >/2, and the only graphs with forced unilateral orientation umber 
2 are unicyclic graphs with pendant paths such that all the bridges lie on a path. This 
section contains a classification of all graphs with forced unilateral number 3. 
Lemma 8. I f  G & a graph such that f ' (G)  = 3 then m = n or m = n + 1. 
Proof. By Theorem 1, f ' (G)  --- 3 ~>m - n + 2, and therefore n + 1 >~m. Since the graph 
G is connected, we also have m >~ n-  1, with equality holding for acyclic graphs. Thus 
m could equal n - 1, n or n + 1. However, since the only connected acyclic graphs 
having a unilateral orientation are paths [2], and since paths have forced unilateral 
orientation umber equal to 1, it follows that m = n or m = n + 1. [] 
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Fig. 1. Typical examples ofthe graphs described in Lemma 9. 
Lemma 9. The only connected graphs which admit a unilateral orientation and satisfy 
m=n or m=n+ l are (see Fig. 1): 
• unicyclic graphs with or without pendant paths such that all bridges lie on a path. 
• bicyclic graphs with or without pendant paths such that all bridges lie on a path. 
• cycles with an additional path joining two vertices of the cycle and with or without 
pendant paths such that all bridges lie on a path. 
Proof. Let G be a graph that has a unilateral orientation. Let the degree sequence of 
n G be dl,d2 .... ,dn. Then 2m= ~i=l  di. The condition m=n or m=n + 1 translates 
into the following condition involving the degrees of the vertices: ~in__l d i equals 2n 
n or 2n +2, or equivalently y~i=l(di- 2) equals 0 or 2. This relation leads to two cases. 
Case I: First, consider graphs without pendant edges. Any graph satisfying the con- 
ditions of the lemma and having no vertices of degree 1 has at most two vertices 
of degree 3 or one vertex of degree 4, and all the other vertices have degree 2. The 
only connected graphs with degree sequence 4, 2, 2 . . . . .  2 are graphs composed of two 
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cycles sharing a vertex. The only connected graphs with degree sequence 3, 3, 2, 2 .... ,2 
are cycles with a path between two vertices on the cycle or bicyclic graphs with the 
cycles joined by a path. Since the number of vertices of odd degree is always even, 
the only other possible graphs are graphs having only vertices of degree 2, which are 
cycles. 
Case 2: Now, look at graphs having at least one vertex of degree 1. By removing 
any such vertex, both the number of vertices and the number of edges decrease by 1 
so the relation between them (m-  n equals 0 or 1) is preserved. Thus, the result is 
either one of the graphs described in the Case 1 or a graph that has another pendant 
edge, in which case the same operation can be repeated. This shows that all the graphs 
in this case are obtained from those in Case 1 by adding pendant paths such that all 
the bridges lie on the same path. This completes the classification. [] 
We now characterize those graphs having forced unilateral orientation umber equal 
to 3. 
Theorem 4. The only graphs that admit a unilateral orientation and have forced 
unilateral orientation umber 3 are: 
• bicyclic graphs of edge-connectivity exactly 1; 
• Cn, for n~>3; 
• cycles with an additional path joining two vertices of the cycle, with or without pen- 
dant bridges; with the following exceptions: K2,3 and all cycles containing exactly 
one chord 
Proof. By Lemma 8, the only possible candidates for graphs with f t (G)= 3 are the 
graphs described in Lemma 9, so it remains to analyze each of them in part. 
Case 1: First, look at all the unicyclic graphs. As shown in [2], all unicyclic 
graphs have forced unilateral orientation umber 2 except for Cn, (n~>3), which has 
i f (C , )  = 3. 
Case 2: Now, look at all the graphs of edge connectivity 1 described in 
Lemma 9. By Theorem 2, all the graphs having at least one bridge have i f (G)= 
m-  n + 2. However, all the graphs described in Lemma 9 which are not unicyclic 
satisfy m - n + 2 -- n + 1 - n + 2 = 3. Thus, f t (G)  = 3. 
Case 3: Consider the bicyclic graphs of edge-connectivity greater than 1 - -  two 
cycles sharing a vertex. Let G consist of the cycles Cp and Cr sharing a vertex, and 
assume there is a set S of edges with directions assigned to them such that they induce 
a unique unilateral orientation on G. Let S = {el,e2,e3}. Without loss of generality, 
assume l belongs to Cp while the other two edges are on Cr. Since f f (Cr)= 3 there 
are at least two unilateral orientations of C~ consistent with the orientation of e2 and 
e3. By orienting Cp in the direction of et we obtain two unilateral orientations of G 
consistent with the orientation of S, contradiction. Thus, ff(G)>~4. 
Case 4: The only remaining graphs are cycles with a path between two vertices. 
Assume G is a cycle with a chord - -  an edge between two vertices. Then ff(G)~>4, 
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Fig. 2. Assignment oforientations inducing an unique unilateral orientation  a cycle with a path between 
two vertices. 
since three dges are needed in order to induce a unique unilateral orientation on the 
cycle, but if only three edges are fixed then the chord could be reversed. 
If  G is a cycle of length at least 5, with a path of length at least 2 between two 
vertices, then f t (G)  = 3. Fig. 2 shows an assignment of orientations for three edges of 
G that forces a unique unilateral orientation on G. The only possible spanning walk 
given this assignment of orientations i the walk al, a2 . . . . .  a6. Note that it is essential 
that the edge e3 is not incident with a2 or as, therefore it is essential that the length 
of the cycle is at least 5. 
The only remaining raph consisting of a cycle with a path between two vertices 
is the complete bipartite graph K2,3. It can be seen, by checking all possibilities, that 
f'(K2,3) = 4. [] 
6. Complete bipartite graphs 
In this section we give an estimate for the unilateral orientation umber of complete 
bipartite graphs. This case is interesting since it shows that the forced unilateral orien- 
tation number does not increase linearly with the edge-connectivity of the graph, nor 
the minimum degree of the graph (which might have been suggested by looking at the 
extreme cases, namely graphs with edge-connectivity 1 and complete graphs). 
Theorem 5. The unilateral orientation number of  a complete bipartite graph gp, r, 
where p, r >1 3 and p and r are not both 3, satisfies the following inequality: 
p r -  p -  r + 2<~ f~(Kp, r )<~pr -  p -  r + 3. 
Proof. The lower bound follows immediately from Theorem 1, since the number of 
edges of Kp, r is pr, and its number of vertices is p + r. In order to prove the upper 
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0 0 0 ~ 0 
bl  br_ 1 br 
Fig. 3. Unilateral orientation on a complete bipartite graph. 
bound, consider the following construction. Let the two partite sets be A = {at . . . . .  ap} 
and B :  {bl . . . . .  br}. Orient all the edges adjacent o al outwards and all the edges 
adjacent o bl inwards. Also, orient all the edges between vertices in A - {ap} and 
B - {br} from A to B. So far, pr - p - r + 3 edges have been oriented (see Fig. 3); 
it remains to show that they induce a unique unilateral orientation. For all the vertices 
of A - {al, ap}, the remaining edge between each of them and br must be oriented 
towards A in order to have a directed path between al and ai for 1 <i<p.  Similarly, 
all the edges biap must be oriented out of B in order to have directed paths between 
bl and the other vertices in B - {bl,br}. NOW assume, without loss of generality, 
that p>3,  which implies that the set A - {al ,ap} has at least two vertices (the proof 
works similarly when r > 3). The edge apb,. has to be oriented out of A in order to 
allow directed paths between different vertices of A-  {al,ap}. It is immediate that the 
orientation induced in this way is unilateral. Thus f ' (Kp,~)  <~ pr  - p - r + 3. [] 
Theorem 6. I f  p >~ 4, then f t (K2,p)  : p. 
Proof. Just as in the previous proof, f~(K2,p)>/p follows from Theorem 1. The fol- 
lowing construction shows that f~(K2,p)<<, p. Let the two partite sets be B = {u, v} and 
A = {a l , . . . ,ap} .  Orient the two edges incident with al into al. Orient all the edges 
between u and A - {ap} away from u. A total of p edges have been oriented so far 
(see Fig. 4). The choice of orientation forces all the edges of the form vai, 1 < i<p,  
to be oriented away from ai in order to have a directed path between al and ai. Since 
p>~4, there are at least two vertices in the set A - {at,ap}. In order to have a path 
between them, the edges uap and yap are forced to be oriented such that there exists a 
directed path from v to u. The orientation thus obtained is unique and unilateral. Thus, 
.ft(K2,p)<~p, which completes the proof. [] 
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ap 
Fig. 4. Unilateral orientation on a complete bipartite graph. 
The general constructions de cribed above do not work for/(2,3 and K3,3. It can be 
verified by checking all possibilities that f (K2,3)= 4 and ft(K3,3)= 7. 
7. Closing remarks 
This article gives a general ower bound for the unilateral orientation umber of 
a graph. This result is used to calculate the forced unilateral number for graphs of 
edge-connectivity 1, and to derive other related results. 
However, finding a general method for calculating ft(G) for all graphs remains an 
open problem. If no such method exists, it would be interesting to find tighter upper 
and lower bounds for the forced unilateral number for certain classes of graphs. 
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